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Abstract

A model of learning on a social network with fully-rational Bayesian agents and random arrival
order is considered. We show that if for a given large network, most of the agents learn the
correct action, then learning persists with high probability even after deleting randomly 99% of the
population. In other words, random groups of agents are never critical for learning even if these
groups contain a majority of agents.

This robustness does not rule out the existence of a certain small minority of agents critical
for learning. The classical sociological theory of “two-step information flow” conveys the idea
that learning is always facilitated by such a small group of influencers predetermined by the net-
work structure. We challenge this thesis by showing that learning can also be possible in totally-
egalitarian networks, where all agents are ex-ante symmetric and thus equally influential. We
construct such networks relying on insights from the theory of expanders and demonstrate that
adversarial elimination of large groups of agents does not spoil learning outcomes, i.e., no minority
of agents (and even majority) is critical for learning.

For a network-designer, our results offer a recipe for building networks that aggregate informa-
tion even if a subset of agents do not participate in the learning process. This subset of absent
agents can be large and picked in an adversarial way.

1 Introduction

The way ideas and information propagate in society is critical for engineering political campaigns,
introducing new products and for formulating new social conventions. The leading theory in mass
media communication, dating back to [Katz and Lazarsfeld, 1955] asserts that new content is generated
sparsely and is consumed by most agents indirectly.1 The original version, formulated during the
golden era of TV networks, argues that although such networks were responsible for sparking new
ideas and introducing new products, this content was consumed by most people in an indirect manner.
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In other words, people’s actions, whether in the form of adopting a new product or voting for a certain
political candidate was not so much of what they hear from the TV networks but rather what they
heard from opinion leaders who, in turn, consumed such content directly (this is often dubbed as the
‘influentials hypothesis’). Indeed, Katz and Lazarsfeld [1955] propose to refer to their model as a
model of two-step information flow. The original content flows from its originator(s) to intermediaries
(‘opinion leaders’) and thereafter to the masses. The two-step flow model stood in stark contrast
with the one-step flow paradigm which argues that most people are effected directly by the media
outlets [Bineham, 1988].

The ordinal ideas underlying the two-step information flow were adapted throughout the years as
TV networks lost power and influence and peer-to-peer social networks became more central to the
generation and flow of information. The importance of opinion leaders as information brokers came to
occupy a central place in the literatures of the diffusion of innovations and marketing [Rogers, 1995,
Valente and Rogers, 1995, Chan and Misra, 1990, Coulter et al., 2002, Myers and Robertson, 1972,
Van den Bulte and Joshi, 2007, Vernette, 2004]. To appreciate the centrality of these ideas we quote
an observation by [Weimann, 1994] whereby nearly 4000 studies of influentials, opinion leaders, and
personal influence were conducted in the decades after Katz and Lazarsfeld. It is no wonder that,
in practice, for many marketing and political campaigns the importance of identifying the opinion
leaders became acute.

In their well cited work, Watts and Dodds [2007] study information flow using computer simulations
of interpersonal information flows. They ask whether information cascades are necessarily driven by
a minority of opinion leaders. Their surprising conclusion is that this hypothesis cannot be tested as
the notion of an opinion leader is not well specified. They suggest that the ‘influentials hypothesis’
requires careful specification: “But what exactly does the two-step flow say about influentials, and how
precisely do they exert influence over the (presumably much larger) population of non-influentials?”

To cope with the challenge posed in [Watts and Dodds, 2007] we study a variant of the celebrated
model of information cascades [Banerjee, 1992, Bikhchandani et al., 1992]. In our model agents reside
on a social network. The social network is fixed and agents arrive in some random order and act
sequentially. Each agent observes actions taken by his neighbors who have acted before him. The
agent uses this information, alongside a private signal, to choose his action. We keep the model simple
and focus on the binary action case with a symmetric binary signal. We say that the society learns if
most agents take the correct action with high probability.

In this model there are agents that act in isolation and so purely follow their own signal. These
agents will be deemed “content generators” and their identity is random as it depends on the arrival
order. All other agents are influenced, through the social network structure, by content generators,
either directly (one-step flow) or indirectly (two-step flow). Content generators are always bound
to make an error. Thus, if society learns then the proportion of content generators must be small.
However, this does not contradict the possibility that all other agents learn by observing a growing
number of such agents indirectly.

We interpret the two-step information flow conjecture as follows:

1. Conjecture C1: If society aggregates information then it must be the case that most agents
consume information indirectly, i.e., through intermediaries.

On the other hand, we will refer to a subset of agents as opinion leaders (or “influential”) if, in their
presence, society learns while in their absence it does not.
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2. Conjecture C2: A necessary condition for information aggregation is the existence of a (small)
subset of influential agents.

We first show that indeed Conjecture C1 is true. In fact, a simple counting argument demonstrates
that agents observe on average a single content generator (see Section 3). With just one single
observation and one’s own signal it is obvious that learning cannot hold. This implies that for learning
to hold it must be the case that most content is consumed indirectly.

On the other hand, Conjecture C2 is shown to be false. We first argue that deleting a random subset
of agents of a fixed size does not reverse the possibility of learning. In fact, this result holds even if we
randomly delete a large proportion (e.g., 99%) of the agents (Theorem 4.1). This, however, does not
exclude the possibility of having a certain small influential minority. We go further and demonstrate
existence of fully symmetric networks that accommodate learning (Theorem 5.1). Symmetry suggests
that in such networks no minority can be influential. We prove a much stronger statement implying
existence of networks, where even adversarial elimination of any subset of a fixed proportion (e.g.,
even 99%) of agents does not spoil information aggregation (Theorem 6.1). Hence, no group of agents
is influential. Theorems 5.1 and 6.1 leverage results from the CS literature on expander graphs.

The indirect takeaway from these two contradicting conclusions is that indeed, as hinted in [Watts
and Dodds, 2007], the two-step information flow is insufficiently specified. Without more rigor it
cannot be put to a test.

Network-designer perspective. An alternative way to perceive our results is as follows. Consider
a designer of a social network who wants to ensure social learning. Sgroi [2002] constructs a network
that admits learning, Bahar et al. [2020] propose the celebrities graph as a network that admits learning
and is robust to the arrival order of agents. However, the celebrities graph only admits learning if
all agents actually participate and make a decision. In other words, if a minority of agents do not
care about the decision at hand and is consequently inactive, then learning may fail. In contrast, our
expander-based networks from Theorem 6.1 is a social structure that admits learning and is robust
both to the arrival order and to the actual subset of active agents.

1.1 Related literature

Our work is closely tied to the a rich body of informal work (in the mathematical sense) on information
flow. We refer the reader to [Watts and Dodds, 2007] for a comprehensive list of related papers.
Some formal models have also been used to study information dissemination over networks. Much of
this literature, starting with [DeGroot, 1974], focuses on boundedly rational agents, e.g. [Golub and
Jackson, 2010, Ellison and Fudenberg, 1993]. More recently a parallel body of literature developed that
focuses on rational agents, as we do. The main objective in this body of work is to study necessary
or sufficient conditions for information aggregation in terms of the information structure and the
topology of the network. For example, Smith [1991] and Sgroi [2002] provide sufficient conditions
for information aggregation on the network topology whenever the signals are bounded. In both
cases, they assume the order of arrival is known. Mossel et al. [2019] study more comprehensively the
interplay between the structure of the network and the structure of information for the agents that is
required to achieve learning. Acemoglu et al. [2010] look at information aggregation in a framework
of a randomly generated network, where each new arriving agent is randomly connected to the set of
existing ones while Arieli and Mueller-Frank [2018] assume the edges in the graph are limited to the
m-dimensional lattice. Most closely related is [Bahar et al., 2020] who construct a family of social
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networks for which information is aggregated when the arrival order is random. Their constriction is
essentially a bi-partitive graph with a minority of agents on one side (nicknamed “celebrities”) and
a majority on the other side. Indeed, for such a construction the majority learns to play optimally
indirectly and there exists a clear subset of opinion leaders (the celebrities); our Example 2.2 contains
the detailed discussion of this result.

None of these papers, to the best of our knowledge, confronts the two-step information flow con-
jecture. However, many of these models exhibit conjecture C1 (in some papers this is stated explicitly
and some implicitly). This should not surprise us as we show this is true more generally. On the other
hand, none of these papers, with the exception of [Bahar et al., 2020], touches on conjecture C2 which
relates learning with the existence of a small subset of opinion leaders. In fact, the main construction
in [Bahar et al., 2020] could suggest, as implied by the two-step information flow, that such a subset
is necessary for learning which we demonstrate to be incorrect.

On a more technical level, our robustness results, which contradict conjecture C2, rely on the theory
of expanders, regular sparse graphs having numerous applications from pure math to designing error-
correcting codes (see [Lubotzky, 2012] for a survey). Recently, this theory was applied to problems of
social learning by Mossel et al. [2014] and Feldman et al. [2014]. The main distinction between these
papers and ours is that we consider rational Bayesian agents where these works consider boundedly
rational agents that apply majority rule to decide upon their action. Another distinction is the fact
that in our case the agents decide only once according to a random order where in both other works
agents decides on an action repeatedly. So in our model, agents have only one opportunity to guess
the right action and cannot revise it later on.

1.2 Structure of the paper

Section 2 contains the description of the model and examples. In Section 3 we demonstrate necessity of
intermediaries for learning. Section 4 shows that even large random subset of agents is not influential
with high probability. However, this does not rule out the possibility that a certain minority of agents
is crucial. This possibility is examined in Section 5. We show that learning is possible in totally
egalitarian societies, where all agents are symmetric. We strengthen these results in Section 6 and
demonstrate that there are symmetric networks such that no subset of agents is influential, i.e., even
after deleting 99% of agents in an adversarial way remaining group will still aggregate the information
very well. Section 7 discusses extensions of the basic model and Section 8 concludes.

Results from Sections 5 and 6 heavily rely on the insights from the theory of expander graphs,
which are explained in Appendix A. Technical proofs for these two sections are in Appendices B and C.

2 Preliminaries

2.1 The model

A social network is an undirected graph G = (V,E), where the set of vertices V is the set of agents
and an edge vu = uv is contained in E if v and u are “friends”, i.e., friendship is always mutual as on
Facebook. We denote by Fv the set of v’s friends {u ∈ V : vu ∈ E} and by degv the degree of v in
G, i.e., degv = |Fv|.

With each agent v ∈ V we associate his arrival time tv; all (tv)v∈V are independent random
variables uniformly distributed on [0, 1]. Random arrival order allows us to disentangle the network
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topology and the order in which agents make their decisions. Randomness is also justified by the fact
that this order usually differs from one issue to another (e.g, iPhone or Android, public kindergartens
or private), see [Bahar et al., 2020].

Upon arrival, each agent v takes an action av ∈ {0, 1}, depending on the information available.
The agent gets a payoff of 1 if av = θ, where θ is a random state, a Bernoulli random variable with
success probability 1/2; if the action does not match the state, the agent gets zero payoff. Nobody
observes θ but every agent receives a binary signal sv ∈ {0, 1} that equals θ with probability 1− ε and
1−θ with probability ε, where 0 < ε < 1

2 . Signals are independent conditional on θ. In addition to his
own signal sv, an agent v observes the set of his arrived friends F<v = {u ∈ V : vu ∈ E, tu < tv} ⊂ Fv
and their actions (au)u∈F<v . We denote the information set of an agent v by Iv = (sv, (au)u∈F<v).

All agents are rational and risk-neutral; the description of the model, probability distributions,
and the graph G are common knowledge.

Arrival times (tv)v∈V induce an orientation on edges of G = (V,E) from early arrivers to late and
convert it into the direct network G((tu)u∈V ). This orientation captures possible paths of information
transmission: the action aw of an agent w can affect the choice made by an agent v only if there
is a directed path from w to v. The realized subnetwork of an agent v is the directed sub-network
G<v((tu)u∈V ) = (V<v, E<v) of G((tu)u∈V ) consisting of all u such that there is a directed path from
u to v, i.e., there is a sequence of agents u0, u1, u2, . . . , uk such that u0 = u, uk = v, all edges uiui+1,
i = 0, . . . k belong to E, and tui < tui+1 for all i. In other words, G<v((tu)u∈V ) is the connected
component of v in the directed sub-network composed of v and his predecessors.

In Section 4, we will need the following assumption; all other results are independent of it.

Assumption (F). Each agent v, in addition to his signal and actions of arrived friends, observes
the set of agents V<v from his realized subnetwork (without their actions and arrival times). In other
words, an agent knows the set of those who can possibly affect his action. The information set of v
is, therefore, Iv = (sv, (au)u∈F<v , V<v).

This assumption plays a role of simplifying the equilibrium structure, see Subsection 2.1.1. Sec-
tion 7 discusses how to get rid of this and other technical assumptions.

2.1.1 Equilibria

A mixed strategy of σv of an agent v maps his information set Iv to the probability distribution on
{0, 1}, according to which his action av is then chosen. The goal of the agent is to maximize the
probability of taking the action that matches the state.

We consider an equilibrium σ = (σv)v∈V of the induced Bayesian game and use Pσ and Eσ for
the probability and for the expectation with respect to all the randomness in the problem (state,
signals, arrival times, and actions). An equilibrium exists since it is a finite game; however, it may be
non-unique. We drop the dependence on σ and write P and E when this creates no confusion.

We say that an equilibrium is state-symmetric if the distribution P is invariant under the mapping(
θ, (sv)v∈V , (av)v∈V

)
→
(
1−θ, (1−sv)v∈V , (1−av)v∈V

)
, i.e., simultaneous flipping the state, signals,

and actions. Since the payoffs enjoy this symmetry, a state-symmetric equilibrium exists.
In any equilibrium, an agent v selects av = 1 if P(θ = 1 | Iv) > 1

2 , i.e., if conditionally on the
information, the state 1 is more likely. Similarly, av = 0 if P(θ = 1 | Iv) < 1

2 . It may look as if
equilibria can only differ in tie-braking; however, it is not the whole truth since P(θ = 1 | Iv) depends
on equilibrium strategies of other agents, which, in turn, are optimal replies to the strategies of others,
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including v. So, without additional assumptions, the equilibrium lacks the sequential structure since
no pair of agents v, u ∈ V such that vu /∈ E know who of them acted first.

Assumption (F) ensures the sequential structure of equilibrium. If V<v = ∅, each agent v follows
his signal. If V<v is non-empty with |V<v| = k, the equilibrium strategy σv

(
sv, (au)u∈F<v , V<v

)
is an

optimal reply to (σu)u∈V<v with |V<u| ≤ k − 1 (since V<u is a strict subset of V<v). This sequential
structure implies that an agent gains no advantage from learning the set of agents that have not yet
arrived, the property we need in Section 4.

2.2 Learning

Definition 2.1. For a network G = (V,E) and an equilibrium σ, the learning quality Lσ(G) is the
expected fraction of agents making the correct action: Lσ(G) = 1

|V | · Eσ
∣∣{v ∈ V : av = θ}

∣∣.
We denote the learning quality for the best equilibrium σ by L(G) = maxσ Lσ(G). The maximum

is attained since the set of equilibria in a finite game is closed.

Example 2.1 (Herding prevents learning). Let Gn be the n-clique, the complete graph on n vertices.
In this case, every agent v observes actions of all those who came earlier. If the first two agents take
the incorrect action2 a = 1− θ, then the third agent will ignore his signal repeating this wrong action
(since the chance that both his predecessors are wrong is lower than the chance of him getting the
wrong signal), and so on. This phenomenon known as herding ruins information aggregation. Indeed,
with probability of at least (1−ε)2 all the agents take the incorrect action. Thus L(Gn) ≤ 1− (1−ε)2,
i.e., the learning quality is bounded away from 1 even for large cliques.

Given an assignment of arrival times, we say that an agent v is isolated if F<v = ∅: he takes
his action av without observing anybody else, so the action is dictated solely by the signal sv. Such
agents are sometimes called “guinea pigs” [Sgroi, 2002]. We identify the set of isolated agents with
the “content generators” from the two-step information flow model since every such agent contributes
information to the system. Actions of isolated agents are independent, therefore, the law of large
numbers dictates that an agent observing a large enough sample of isolated agents can determine the
state with high probability. If such an agent, in his turn, is observed by many others the learning
propagates as suggested by the theory of two-step information flow.

This insight underlies the results from [Bahar et al., 2020]. They consider a similar model of
learning with random arrivals and ask whether there exist social networks with the learning quality
arbitrary close to one. They provide affirmative answer to this question by identifying a family of
celebrity graphs, which is the only known family of networks with this property. We will construct
another family in Section 5.

Example 2.2 (A minority of celebrities facilitates learning). Consider a two-tier society, where a large
set of k “commoners” observe a big set of m � k “celebrities.” The corresponding social network
is a complete bipartite graph Bk,m. When a first celebrity arrives, he observes on average a set of
k

m+1 isolated commoners. Hence, if k
m+1 � 1, one can expect that each celebrity aggregates the

information from these isolated agents an thereby takes the correct action with high probability. All
commoners except a negligible fraction of 1

m+1 observe at least one celebrity on average. Consequently,
the overwhelming majority of commoners takes the correct action as well.

2The fact that the first two agents are informative does not satisfy in any equilibrium, nevertheless, it is easy to see
that L(Gn) ≤ 1− (1− ε)2 holds true in every equilibrium.
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m celebrities

k commoners

Figure 1: The celebrities graph. When the first celebrity arrives, it typically observes k
m � 1 common-

ers who made their decisions in isolation. These decisions match the signals and, hence, the celebrity
learns from a number of independent sources. As a result, it takes a well-informed action, and then
this action propagates.

This informal reasoning suggests that for any δ > 0 we can find k and m such that the learning
quality is at least 1 − δ. The formal argument in [Bahar et al., 2020] is tricky since a celebrity must
“guess” which observed commoners are isolated and which are probably not.

Observation 2.1 (Random arrival order is crucial). For cliques from Example 2.1, the assumption
of random arrival order is inconsequential. However, for arbitrary graphs, such as celebrity graphs
of Example 2.2, this assumption is critical. To see this one can consider a celebrity graph, where all
commoners arrive before celebrities and thus all of them make a decision in isolation and learning
fails.

2.3 Our question

The theory of two-step information flow and Example 2.2 suggest that social learning has two prop-
erties:

• Most of agents learn the state “second-hand”. They do not observe content-generators (isolated
agents) directly but observe intermediaries (celebrities in Example 2.2).

• Learning is facilitated by a minority of agents (e.g., celebrities in Example 2.2 or influentials in
the context of the two-step information flow model). Once these agents are deleted from the
network, learning does not persist.

Our goal is to understand whether these two properties are indeed immanent features of social learning.

3 Indirect learning

Example 2.2 demonstrates how content-generators are critical for learning over social networks. This is
true for most, if not all, of the variants of models of information aggregation over such networks, where
observing a large number of such agents is instrumental for learning (see, e.g., [Sgroi, 2002, Acemoglu
et al., 2010, Arieli and Mueller-Frank, 2018]). In this section we present a simple argument showing
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that in our model, learning relies on intermediaries in the sense that the number of isolated agents
that is observed directly is at most one on average!3 By “average” we mean both taking expectation
with respect to all randomness and averaging over all agents.

Observation 3.1. On average, an agent observes at most one isolated agent directly, i.e.,

1

|V |
· E

(∑
v∈V

∣∣{u ∈ F<v : F<u = ∅
∣∣) ≤ 1.

Proof. The probability that v is isolated equals 1
degv +1 , the probability that in a random ordering,

involving v and his degv friends, v is the first. Each isolated v is observed by degv friends, therefore,
the expected total number of observations of isolated agents is∑

v∈V

degv
degv +1

≤ |V |.

Thus, on average, there is at most one observation per agent.

The above reasoning shows that the only possibility for an agent to learn from many content-
generators is to observe them “indirectly” through intermediaries. This conclusion provides a theo-
retical foundation for the first component of the two-step information flow theory.

4 No random opinion leaders

In the celebrities graph from Example 2.2, celebrities are the opinion leaders; deleting this minority
from the graph leaves it totally disconnected and learning fails. However, if we eliminate a large
set of agents randomly, say 50%, around 50% of celebrities will remain in the network ensuring the
information aggregation (with slightly lower learning quality).

Here we show that this robustness of learning to random elimination of groups of agents is a general
property. Even if a substantial fraction of agents leaves the network, the remaining agents find a way
to learn the state even though most paths of information diffusion (those involving eliminated agents)
disappear. Robustness to adversarial elimination is discussed in Section 6.

For a graph G = (V,E) and a subset V ′ ⊂ V , let GV
′

be the induced subgraph: GV
′

= (V ′, E′),
where E′ = {uv ∈ E : u, v ∈ V ′}. The integer part of a real number x is denoted by bxc.

Theorem 4.1 (Learning is robust to random-subsets elimination). Consider a network G = (V,E)
with the learning quality L(G) = 1− δ for some δ > 0.

Fix α ∈ (0, 1) and pick a subset V ′ ⊂ V with
⌊
α · |V |

⌋
agents uniformly at random. Under

the assumption (F), the learning quality for the induced subnetwork GV
′

enjoys the lower bound

L
(
GV

′) ≥ 1−
√

δ
α with probability at least 1−

√
δ
α .

3A broader definition of a content-generator would be an agent whose action is determined by his signal: flipping
this signal, while keeping actions of observed friends unchanged, flips the action. Intuitively, non-isolated agents of
high-degree are almost never content-generators, and an analog of Observation 3.1 must hold for this broader definition.
Despite a significant effort, we were unable to prove it.
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Proof of Theorem 4.1. The argument is based on a coupling of the arriving process for the original net-
work G and the selection of the random subnetwork GV

′
. Fix an equilibrium σ = (σv)v∈V maximizing

Lσ(G) and pick a subset V ′ to be the set of
⌊
α|V |

⌋
earliest arrivers.

For v ∈ V ′, the equilibrium strategy σv in the original network G can be used as a strategy in
GV

′
. The resulting family of strategies (σv)v∈V ′ constitutes an equilibrium in GV

′
, which we denote

by σV
′
. Note that here we use the assumption (F).4

The constructed coupling allows to link the learning quality for G and for GV
′

under equilibria σ
and σV

′
, respectively. By the formula of total probability, the learning quality for G can be represented

as

L(G) =
1

|V |
∑
v∈V

(
P(av = θ | v ∈ V ′) · P(v ∈ V ′) + P(av = θ | v /∈ V ′) · P(v /∈ V ′)

)
.

Using rough estimate P(av = θ | v /∈ V ′) ≤ 1 on the probability of the correct action outside V ′ and
taking into account that P(v ∈ V ′) is bounded from below by α, we get the following inequality

Lσ(G) ≤ α · EV ′LσV ′
(
GV

′)
+ (1− α),

where EV ′ denotes expectation with respect to the choice of V ′. Since the left-hand side is equal to
1− δ, we obtain

1− EV ′LσV ′
(
GV

′) ≤ δ

α
.

Application of the Markov inequality completes the proof.

5 Learning in egalitarian societies

While Theorem 4.1 from the previous section shows that most of the agents are unimportant for
social learning and can be eliminated without significantly spoiling information aggregation, it leaves
the possibility that there is always a certain negligible minority of agents, predetermined by the
structure of social network (like celebrities in Example 2.2) that is responsible for effective information
aggregation. In this section, we show that such minority need not exist and learning is possible even
in totally egalitarian societies, where any two agents in the network are indistinguishable.5

Definition 5.1. A network G = (V,E) is symmetric if for any pair of v, v′ ∈ V there exists a bijection
f : V → V such that f(v) = v′ and for any u,w ∈ V the edge uw belongs to E if and only if f(u)f(w)
is in E.

Theorem 5.1. For any ε0 <
1
2 and any δ > 0 there exists a symmetric network G = (V,E) such that

the learning quality Lσ(G) ≥ 1−δ for any probability of a wrong signal ε < ε0 and any state-symmetric
equilibrium σ.

The theorem extends to non-state-symmetric equilibria at the cost of assuming that signals are
informative enough, namely ε0 <

1
4 . This and other extensions are discussed in Section 7.

4 In the game played over V ′ agents know that those from V \ V ′ are absent. In particular, without assumption (F)
an agent v in V ′ would know more about his predecessors than the same agent in the game played over V . Thus, a best
reply within V may no longer be a best reply in the game restricted to V ′, even if all others maintained their strategy.

5Results of this section do not require the assumption (F). However, both results and proofs remain unchanged under
(F) or even more general observation structures, see the discussion in Section 7.
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Figure 2: Agent v has d = 3 friends with degree 3 and higher. The 2-neighborhood of v (the shaded
area) is a tree despite the red cycle. The maximal degree in the 2-neighborhood is 5. Hence the graph
around v is characterized by the triplet (d, r,D) = (3, 2, 5).

Theorem 5.1 relies on Proposition 5.1 stated in the next subsection. This proposition provides
a useful sufficient condition for an agent to guess the state with high probability: the agent must
have many friends with high degree and there must be no short cycles in the network. We prove
Theorem 5.1 in Subsection 5.2 by combining Proposition 5.1 with classic results from the theory of
expanders.

5.1 Sufficient condition for high-quality decisions: many high-degree friends and
no short cycles

Recall some graph-theoretic notation. A path of length k in a graph G = (V,E) is a sequence of vertices
(v0, v1, . . . , vk) such that all edges vivi+1, i = 0, 1, . . . , k, belong to E. The distance d(v, v′) between
two vertices v, v′ ∈ V is defined as the length of the shortest path connecting them (d(v, v′) = +∞
if no such path exists). The r-neighborhood Br(v) of a vertex v is the set of all vertices u with
d(v, u) ≤ r; abusing the notation, we also refer to the induced subnetwork of G spanned by Br(v) as
the r-neighborhood of v. A cycle of length k is a path with v0 = vk such that all vertices v0, v1, . . . , vk−1

are distinct (sometimes cycles with no repetitions are called simple). A graph is a tree if it has no
cycles.

We capture a local structure of the network around an agent v by a triplet (d, r,D) such that

• agent v has at least d friends with the degree d or higher;

• the r-neighborhood of v is a tree;

• each agent from the r-neighborhood has at most D friends in G.

This definition is illustrated by Figure 2.
The local quality of decisions turns out to be related to this local structure of the network.

Proposition 5.1. For any probability of a wrong signal ε and any state-symmetric equilibrium, the
chance that an agent v takes the correct action satisfies

P(av = θ) ≥ 1− δ(ε, d, r,D), (5.1)

10



where

δ(ε, d, r,D) = ψ +
18√

d− 1 (1− ψ − 2ε)
, and ψ = r ·

(
e ·D
r

)r
.

Corollary 5.1. The parameter δ(ε, d, r,D) tends to zero whenever all elements of the triplet (d, r,D)
go to infinity in a way that lim inf r

D < e. This means that an agent can guess the state if he has many
high-degree friends and a tree-like neighborhood that is big enough compared to the maximal degree.

The intuition behind Proposition 5.1 is simple: absence of short cycles ensures that there is no
herding among v’s friends and thus v learns the state by observing a large sample of independent
sources of information. However, formalization of this intuition faces some obstacles: the indepen-
dence is only conditional and the conditioning is on a family of events, which does not belong to the
information set of any of the agents; hence, checking that the independent sources are reliable requires
the approximation of the condition by elements of information partitions; we are able to carry out
this approximation only for high-degree friends of v since their partitions are finer.

We provide a sketch of Proposition 5.1; all the details are contained in Appendix B.

Sketch of the proof of Proposition 5.1 (see Appendix B for the details). Consider the following devia-
tion a′v from an equilibrium strategy av of agent v. He repeats the action played by the majority of
his arrived friends with high degree F d<v = {u ∈ F<v : degu ≥ d}. In equilibrium, the agent cannot
benefit from this deviation and therefore P(av = θ) ≥ P(a′v = θ).

The probability of mistake for a′v can be bounded using the Hoeffding inequality.6 This requires
two ingredients: independence of actions au, u ∈ F d<v and the bound on the individual probability of
mistake for au.

The actions are not independent; however, they can be made independent by conditioning on a
certain collection of events.

The most important one is the event W<v that the realized subnetwork of v is contained in his
(r − 1)-neighborhood. Since this neighborhood is a tree, all the realized graphs of u ∈ F d<v do not
intersect and thus each u aggregates the information from disjoint families of independent sources
conditional on W<v. The event W<v has high probability: P(W<v) ≥ 1 − ψ, where ψ is given in the
statement of the proposition. The intuition behind this bound is simple. The chance that a particular
path (z0, z1, . . . zr−1, v) of length r is contained in the realized subnetwork is extremely low for big r: it
is equal to 1

r! , the probability that all these agents arrived in exactly this order. Since r-neighborhood
is a tree with the maximal degree D, the total number of such paths is at most (D)r and the result
follows from the union bound.

Rather counterintuitively, there are other sources of dependence despite intersecting realized
graphs. For example, the fact that we are interested in agents that arrive before v creates depen-
dence between their actions even if their realized subnetworks are disjoint: when v arrives early, all
the friends he observes are also early-comers and, hence, are likely to have smaller realized graphs
compared to the case when v arrives late; in particular, the earlier v arrives, the more mistakes the
observed friends make thus creating the dependence.

To cut all the sources of dependence, we end up conditioning to the arrival time of v, his arrived
friends, the realized state, and the event W<v.

6The Hoeffding inequality [Hoeffding, 1994] states that P
(

1
N

∑N
n=1 ξi ≤ E

(
1
N

∑N
n=1 ξi

)
− x
)
≤ exp

(
−2x2N

)
for

independent random variables 0 ≤ ξi ≤ 1 and any x ≥ 0.
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In order to apply the Hoeffding inequality, it remains to show that the individual conditional
probability of mistake for au is bounded away from 1/2 for u ∈ F d<v, i.e., the independent sources
observed by v are informative. We use the following idea. For any event A from the information
partition of u, we have P(au 6= θ | A) ≤ ε because otherwise u is better off following his signal whenever
A occurs; additional conditioning on the realized state does not change the bound because we assume
a state-symmetric equilibrium. Unfortunately, the family of events that we are conditioning at does
not belong to u’s information partition. We overcome this difficulty approximating the condition by
elements of the information partition and show that the conditional probability of mistake is at most

1
1−ψ

(
ε+ 3

tv ·
√

degu−1

)
. The bound gets worse for low-degree agents since their information partition

is not fine enough for good approximation. This is why the deviation a′v of agent v takes into account
high-degree friends only.

After these preparations, Proposition 5.1 becomes a corollary of the Hoeffding inequality.

5.2 Proof of Theorem 5.1: D-regular graphs with no short cycles

The girth g = g(G) of a graph G is the length of a shortest cycle; g(G) = +∞ for a tree. The girth
of a graph induces a local property on each vertex, namely, in a high-girth graph each vertex spans a
local tree.

Observation 5.1. Let G be a graph with girth g. Then for radius r ≤ g
2 − 1, the r-neighborhood of

any agent v is a tree.7

Recall that a graph is called D-regular if all vertices have degree D. For a D-regular graph of
girth g, Proposition 5.1 with Observation 5.1 imply a lower bound on the learning quality

Lσ(G) =
1

|V |
·
∑
v∈V

P(av = θ) ≥ 1− δ
(
ε,D,

⌊g
2
− 1
⌋
, D
)
. (5.2)

for any state-symmetric σ. Theorem 5.1 follows from the existence of symmetric D-regular graphs
with arbitrary high degree and girth. Existence of such graphs is itself a non-trivial question, which
is resolved in the theory of expanders, see Appendix A. The following is the corollary of a theorem
by Lubotzky et al. [1988] (Theorem A.1 from Appendix A) that describes a family of the so-called
Ramanujan expanders.

Corollary 5.2 (of Theorem A.1 by Lubotzky et al. [1988]). There is a sequence Dk → ∞ such that
for any g0 and k, there exists a symmetric Dk-regular graph G = (V,E) such that g(G) ≥ g0 and
|λ2| ≤ 2

√
Dk − 1, where λ2 is the second-largest eigenvalue of the adjacency matrix.8

Corollary 5.2 allows to pick a symmetric D-regular graph G with arbitrary high degree D and
arbitrary high girth/degree ratio g

D , while Corollary 5.1 implies that δ
(
ε,D, bg2 − 1c, D

)
tends to zero if

both the girth g and the degree D tend to infinity and the girth goes to infinity faster: g
D →∞. Hence,

for any given δ and ε0, there is a symmetric D-regular graph with D and g such that δ(ε0, D, g,D) ≤ δ.
7If r-neighborhood of v is not a tree, it has some cycle C. Let u be a vertex from C farthest from v. Consider the

following path P : it starts from v, goes optimally to u, makes one step along the cycle to some not yet visited u′ and
comes back to v optimally. By the choice of u, the vertex u′ cannot be a part of the shortest path from v to u. Hence,
P contains a cycle C′. The length of P is at most r + 1 + r = 2r + 1; it gives an upper bound on the length of C′.
Therefore, the girth satisfies g ≤ 2r + 1 or, equivalently, g

2
− 1 < r.

8We use this bound on |λ2| in Section 6.
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The lower bound (5.2) implies that for any probability of a wrong signal ε < ε0, the learning
quality for G is at least

1− δ
(
ε,D,

⌊g
2
− 1
⌋
, D
)
, where δ

(
ε,D,

⌊g
2
− 1
⌋
, D
)
≤ δ

(
ε0, D,

⌊g
2
− 1
⌋
, D
)
≤ δ,

which completes the proof of Theorem 5.1.

6 Learning without opinion leaders

In Section 5, we saw that learning is possible in symmetric sparse networks that have high degrees
but no short cycles. In such networks, all agents play the same role, which makes it natural to expect
that no small group of agents is critical, in particular, adversarial elimination of a small group cannot
spoil the learning outcome.

In this section we obtain a surprising much stronger result demonstrating that there are symmetric
networks, where leaning is robust to adversarial elimination of any group, possibly, large.9

Theorem 6.1. For any ε0 <
1
2 and any δ > 0 there exists a symmetric network G = (V,E) such

that for any 0 < α ≤ 1 and any subset V ′ ⊂ V with
⌊
α · |V |

⌋
agents, for the induced subnetwork

GV
′

spanned by V ′ the learning quality is at least 1− δ
α3 for any state-symmetric equilibrium and any

probability of a wrong signal ε < ε0.

Similarly to Section 5, all the results of this section can be extended to non-symmetric equilibria.
However, the analog of Theorem 6.1 requires ε0 <

1
4 in this case.

It would seem that Theorem 6.1 follows as a corollary from Theorems 4.1 and 5.1. Theorem 5.1
claims the existence of a symmetric networks that sustains social learning. Due to symmetry arguments
one could say that if there exists a subset whose deletions spoils learning then the deletion of any
subset does so as well, thus contradicting Theorem 4.1. Unfortunately, this argument is incorrect as
the symmetry of the network does not lead to symmetry of its subnetworks and, in particular, does
not induce equality on the learning qualities of the networks after the deletion. Two different subsets
may have completely different implications when deleted even though the initial network is symmetric.

Robustness of learning quality to adversarial elimination turns out to be related to spectral prop-
erties of the network. This is captured by Proposition 6.1 below, and Theorem 6.1 easily follows from
this proposition and known results on expander graphs.

Consider a D-regular graph and denote by |λ1| ≥ |λ2| ≥ ... ≥ |λ|V || eigenvalues of its adjacency
matrix ordered by their absolute values. Expanders are graphs with small |λ2| relative to |λ1|, see
Appendix A.

The next proposition bounds by how much the average number of mistakes can increase if instead
of the original D-regular network, we consider its arbitrary subnetwork with bα · |V |c agents. It can
be seen as a generalization of Proposition 5.1 in D-regular case.

Proposition 6.1. Let G = (V,E) be a D-regular graph with girth g and the second largest eigenvalue
λ2. Then for any α ∈ (0, 1] and any subset V ′ ⊂ V of size |V ′| =

⌊
α · |V |

⌋
, the learning quality in the

induced subnetwork GV
′

spanned by V ′ satisfies

Lσ′
(
GV

′
)
≥ 1−

(
2√
α

+
(1− α)|λ2|2

α3 ·D
3
2

)
· δ
(
ε,D,

⌊g
2
− 1
⌋
, D
)

(6.1)

9As in Section 5, the results of this section do not require the assumption (F) and hold both with or without it. They
also don’t change if an agent learns any additional information about members of his realized subnetwork.
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for any state-symmetric equilibrium σ′. Here δ(ε, d, r,D) is given by formula (5.1).

Proposition 6.1 is proved in Appendix C; here we present the main idea and then prove Theorem 6.1.

Idea of the proof of Proposition 6.1. The key tool is the mixing lemma from the theory of expanders
(Lemma ??). This lemma is applicable to any D-regular graph and provides a bound in terms of |λ2|
on how much the number of edges |E(V 1, V 2)| between any two disjoint subsets of vertices V1, V2

deviates from the expected number of edges in the Erdos-Renyi model:∣∣∣∣∣∣E(V 1, V 2)
∣∣− D

|V |
· |V 1| · |V 2|

∣∣∣∣ ≤ |λ2|
√
|V 1||V 2|. (6.2)

This lemma allows to bound the fraction of agents with low degree in GV
′
. Indeed, for γ < α, let V 1

be the set of agents with degree less than γ ·D in GV
′

and V 2 be the set of eliminated agents V \ V ′.
Since each agent has degree D in the original graph, there are at least (1− γ)D|V 1| edges between
V 1 and V 2. The Erdos-Renyi model prescribes (1− α)D|V 1| edges in expectation. This discrepancy
is compatible with (6.2) only for relatively small subsets V 1. We obtain that the fraction of agents in
GV

′
with degree γ ·D or higher is at least 1− θ, where θ = θ(α,D, γ, λ2) is small.

By Lemma C.1 from the appendix, the lower bound on the fraction of high-degree agents implies
a bound on the number of agents having high number of high-degree friends: the fraction of agents
having at least γ

2D friends with degrees γ
2D and higher is above 1− 2θ. Application of formula (5.1)

from Proposition 5.1 on this set completes the proof.

Proof of Theorem 6.1. As in the proof of Theorem 5.1, we can pick the Ramanujan expander such

that δ
(
ε,D,

⌊
g
2 − 1

⌋
, D
)

is at most δ
6 . The second eigenvalue of the Ramanujan expander satisfies

|λ2| ≤ 2
√
D − 1 ≤ 2

√
D (Corollary 5.2) and thus, by Proposition 6.1, any sub-network GV

′
with

|V ′| =
⌊
α · |V |

⌋
has learning quality at least

1−
(

2

α
+

4(1− α)

α3
√
D

)
· δ
(
ε,D,

⌊g
2
− 1
⌋
, D
)
.

Since 2
α + 4(1−α)

α3
√
D
≤ 2

α3 + 4
α3 ≤ 6

α3 , the learning quality is bounded from below by 1− δ
α3 .

7 Getting rid of technical assumptions

Some of our modeling assumptions were made to simplify exposition. Relaxing the following assump-
tions will not alter our results and the conclusions:

General distributions of arrival times. We assumed that agents’ arrival time are i.i.d. and, in
particular, uniformly distributed on the unit interval. However, any non-atomic distribution leads to
an equivalent model (equivalence is obtained by a monotone reparameterization), as long as the i.i.d.
assumption is maintained. An important robustness result would be to extend our conclusions to some
approximate notion of i.i.d. as some local dependence among agents is a realistic assumption.
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Non-binary signals Our results hold for any non-binary signaling device as long as signals are
informative and symmetry is maintained. By informativeness we mean that for a positive probability
set of signals, s, the posteriors P(θ = 1 | s) belong to the union of intervals [0, ε] ∪ [1 − ε, 1] (the
probability of this set of signals will enter into the bound on the learning quality). By symmetry we
mean the distribution posteriors P(θ = 1 | s) is symmetric with respect to 1

2 (note that signals of
unbounded precision are also allowed).

Heterogeneous agents Agents can also be heterogeneous, i.e., the signaling device can be agent-
specific and so each agent v has his own signal precision εv. In this case, all the results hold with
ε = maxv∈V εv.

Non-symmetric equilibria The symmetry assumption on equilibria and signals can be relaxed.
However, for non-symmetric equilibria, Theorems 5.1 and 6.1 require the probability of a wrong signal
to be below 1

4 (instead of 1
2). The reason for that is the inequality (B.1), where for non-symmetric

equilibria we get 2ε in the numerator.

General states Extension to non-equiprobable states is straightforward. Note, however, that this
breaks the state-symmetry of equilibria and therefore we get 2ε in (B.1) (see the comment above).
Extension to a non-binary state does not lead to any technical difficulties.

More informed agents Results of Sections 5 and 6 hold unchanged if in addition to observing
actions of friends each agent v gets some information about his realized subnetwork G<v, e.g., a
possibly noisy signal about the set of members of the realized subnetwork, their arrival times, actions,
and even about their private signals. In particular, these results are independent of the assumption (F)
and hold both with or without it. This assumption is used only in Theorem 4.1. There it helps to show
that an equilibrium for the original network induces a certain equilibrium in a random sub-network.
We don’t know how to relax this assumption, but believe that the theorem remains valid without it.

8 Summary

It is quite straightforward that when signals are bounded social learning requires many isolated agents
that establish a large enough sample to point at the correct action. Agents must observe such samples
and so a necessary condition for learning is that networks are sufficiently connected. What we show
is that most of these observations must take place indirectly. This, in turn, means that the network
may not be too connected.

We then go on and ask whether minorities play a crucial role for social learning in the sense that
learning does not obtain in their absence. Although the existence of such critical minorities cannot
be ruled out for some networks, it turns out that they need not necessarily exist. In order to design
a network with high learning quality, it is enough to ensure that agents have many friends (so they
learn from many sources) and there are no short cycles in the network (this prevents herding). Both
properties are robust to eliminating groups of agents: this creates no new cycles and most of remaining
agents have high degree. This suggests that learning on networks with high degrees and large girth
must be robust to elimination of any minority.
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A prototypical example of high-girth networks is given by the Ramanujan expanders and our
paper contributes one more item to the list of surprising properties of these networks. We showed that
expanders have the exceptional combination of symmetry with learning and robustness properties:
ex-ante (i.e., before the realization of arrival times) all agents are symmetric (i.e., there is no selected
minority) and, even if 99% agents are deleted from the network in an adversarial way, remaining agents
learn the state.
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A Expanders

There are several equivalent definitions of expanders, see [Hoory et al., 2006]. The “spectral” definition
is the most convenient for our needs. Consider a D-regular (degv = D for all vertices) graph G =
(V,E) and denote by (λk)k=1,...,|V | eigenvalues of its adjacency matrix ordered by absolute values
|λ1| ≥ |λ2| ≥ |λ3|.... ≥ |λ|V ||. The eigenvalue λ1 = D corresponds to the eigenvector representing the
uniform distribution over vertices; the smaller is the second eigenvalue |λ2|, the faster the distribution
of a random walk started at some vertex converges to the uniform distribution, see Proposition 1.6.
in [Lubotzky, 2012]. A graph G is an expander if |λ2| is small relative to |λ1|, i.e., a random walk on
G forgets the starting point fast.

Theorem A.1 (Lubotzky et al. [1988]). For any N and D such that D − 1 is a prime number and
D − 2 is divisible by 4, there exists a D-regular symmetric graph G = (V,E) with at least N vertices,
|λ2| ≤ 2

√
D − 1, and girth g ≥ 2

3 logD−1 |V |.

Graphs with |λ2| ≤ 2
√
D − 1 are called Ramanujan graphs; by the Alon-Boppana theorem (see

Theorem 5.3 in [Hoory et al., 2006]), this value of λ2 is essentially the best possible. It is quite intuitive
that the best expanders cannot have short cycles, which lead to recurrences in a random walk and
hence slow down its expansion over the graph.

The proof of Theorem A.1 is quite technical and relies on group-theory. Lubotzky et al. [1988] and
successors (e.g., Morgenstern [1994], who relaxed the condition of divisibility by 4, and Dahan [2014],
who extended the result to arbitrary D ≥ 11) construct G as a Cayley graph of a certain group.10

While the symmetry of the constructed graph is not mentioned explicitly in these papers, it comes for
free because any Cayley graph is symmetric, see Claim 11.4 in [Hoory et al., 2006].11

In addition to large girth, we need another property of expanders demonstrating their similarity to
random graphs in the Erdos-Renyi model with the probability p of an edge between two given vertices
equal to D

|V | . For a pair of disjoint subsets V 1, V 2 ⊂ V denote by E(V 1, V 2) the set of edges with one

end-point in V 1 and another in V 2. In Erdos-Renyi model the expected number of such edges is equal
to p · |V 1||V 2|. The following result, known as mixing lemma, shows that

∣∣E(V 1, V 2)
∣∣ for an expander

is close to this number.

Lemma A.1 (Mixing lemma, [Alon and Chung, 1988]). For any D-regular graph G = (V,E) and any
two disjoint subsets V 1, V 2 ⊂ V the following inequality holds∣∣∣∣∣∣E(V 1, V 2)

∣∣− D

|V |
· |V 1| · |V 2|

∣∣∣∣ ≤ |λ2|
√
|V 1||V 2|.

B Proof of Proposition 5.1

Denote by F dv the subset of v’s friends having degree at least d; those of them who arrived earlier than
v are denoted by F d<v = F dv ∩ F<v.

10Given a group G with group-operation ◦ and a subset S ⊂ G, its Cayley graph is defined in the following way: the
set of vertices V = G and gg′ ∈ E if g′ = g ◦ s for some s ∈ S.

11Indeed, for any x ∈ G the map g → x◦g defines an edge-preserving bijection: gg′ ∈ E if and only if (x◦g)(x◦g′) ∈ E.
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Consider the following deviation a′v of agent v from his equilibrium action av. The agent decides
to rely on the majority of his high-degree friends who arrived earlier: if the majority of F d<v played
action a ∈ {0, 1}, agent v repeats this action; in case of a tie or v being isolated, av = sv, i.e., v follows
his signal. In equilibrium, no deviation is profitable and hence P(av = θ) ≥ P(a′v = θ). The probability
of mistake for a′v can be estimated using the Hoeffding inequality (see Footnote 6).

In order to apply the Hoeffding inequality, we need independence of actions (au)u∈F d<v and an
upper bound on the probability that au 6= θ. To make the actions independent, we need conditioning
on the appropriate family of events. The following lemmas describe the desired family of events and
establish the bound.

Denote by W<v the event that the realized subnetwork of agent v is contained in his (r − 1)-
neighborhood. Note that, given W<v, the subnetwork of v is a tree.

Lemma B.1. Fix θ0 ∈ {0, 1}, t ∈ [0, 1], and a subset of friends F ⊂ Fv of agent v. The actions
(au)u∈F are independent conditional on θ = θ0, the arrival time tv = t of v, the set of observed friends
F<v = F , and W<v.

The second lemma ensures that W<v is a high-probability event if the radius r is large enough
compared to the maximal degree.

Lemma B.2. The probability that the realized subnetwork of v is contained in the (r−1)-neighborhood
of v, conditional on arrival times of v and all his friends, enjoys the following lower bound

P
(
W<v | tv, (tu)u∈Fv

)
≥ 1− ψ, where ψ = r ·

(
e ·D
r

)r
.

The third lemma provides an upper bound on the probability of a wrong action.

Lemma B.3. For any subset F of v′s friends, an agent u ∈ F , and any state-symmetric equilibrium,
the conditional probability of a wrong action satisfies the following inequality

P(au 6= θ | θ = θ0, tv = t, F<v = F, W<v) ≤
1

1− ψ

(
ε+

3

t ·
√

degu−1

)
, (B.1)

where ψ is from Lemma B.2.

The lemmas are proved below. With their help, we complete the proof of Proposition 5.1. By the
Hoeffding inequality and Lemmas B.1 and B.3, the probability of a wrong action a′v for the high state
(θ = 1) is bounded as follows

P
(
a′v 6= θ | θ = 1, tv, F<v, W<v

)
≤ P

 ∑
u∈F d<v

au ≤
∣∣F d<v∣∣

2

∣∣∣ θ = 1, tv, F<v, W<v

 ≤ (B.2)

≤ exp

(
−2

(
1

2
− 1

1− ψ

(
ε+

3

tv ·
√
d− 1

))2

·
∣∣F d<v∣∣

)
= exp

−1

2

(
1− ψ − 2ε− 6

tv ·
√
d−1

)2

(1− ψ)2
·
∣∣F d<v∣∣

 ,

(B.3)
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where we used that degu ≥ d for any u ∈ F d<v. The bound (B.3) holds only if tv is not too small:

to apply the Hoeffding inequality, the expression in the parentheses,
(

1− ψ − 2ε− 6
t·
√
d−1

)
, must be

non-negative (see the requirement x ≥ 0 in Footnote 6). We will use the bound (B.3) only for tv such
that this expression is at least 1−ψ−2ε

2 or equivalently tv ≥ 12√
d−1(1−ψ−2ε)

. For small tv, we roughly

bound the probability by 1 and get the following inequality valid for all tv

P
(
a′v 6= θ | θ = 1, tv, F<v, W<v

)
≤ 1{

tv<
12√

d−1(1−ψ−2ε)

} + exp

(
−1

8

(1− ψ − 2ε)2

(1− ψ)2
·
∣∣F d<v∣∣

)
, (B.4)

where 1A denotes the indicator of an event A.
Let’s get rid of conditioning to θ = 1, tv, F<v, and W<v. For θ = 0, one similarly derives the same

bound (B.4) and hence it holds unconditionally on θ. Since P(·) ≤ P( · | W<v) + (1 − P(W<v)), we
eliminate conditioning to W<v at the cost of increasing the upper bound by ψ. It remains to average
the bound over F d<v and tv. The size |F d<v| is uniformly distributed over

{
0, 1, . . . , |F dv |

}
because it

is the length of the prefix of v in a random permutation of F dv ∪ {v}. Thus, averaging the second
summand in (B.4) results in the geometric progression of length |F dv | ≥ d. Taking into account that
tv is uniformly distributed on [0, 1], we get

P(a′v 6= θ) ≤ ψ +
12√

d− 1(1− ψ − 2ε)
+

1

d+ 1
· 1

1− exp
(
−1

8
(1−ψ−2ε)2

(1−ψ)2

) . (B.5)

This upper bound can be simplified if we note that 1 − exp(−x) ≥ x · 1−exp(−a)
a for x ∈ [0, a]. Since

1−ψ−2ε
1−ψ ≤ 1, we obtain

1

1− exp
(
−1

8
(1−ψ−2ε)2

(1−ψ)2

) ≤ 8(1− ψ)2(
1− exp

(
−1

8

))
(1− ψ − 2ε)2

≤ 72

(1− ψ − 2ε)2
,

where in the second inequality we estimated (1−ψ) by one and used that 1−exp
(
−1

8

)
≥ 1

9 . Denoting
by b and c the second and the third summands in (B.5), respectively, we see that c ≤ 1

2b
2. For b below

one, we have b2 ≤ b, while for b ≥ 1 the bound (B.5) becomes trivial anyway. Therefore,

P(a′v 6= θ) ≤ ψ +
18√

d− 1(1− ψ − 2ε)
.

Taking into account that P(av = θ) ≥ P(a′v = θ) = 1− P(a′v 6= θ) and substituting the expression for
ψ from Lemma B.2, we complete the proof of Proposition 5.1.

Proof of Lemma B.1: To ensure the conditional independence, we make use of the following property
of a realized subnetwork. For any agent w ∈ V , his equilibrium action aw is determined by the
collection of signals sz of agents z from w’s realized subnetwork G<w, while signals of other agents
play no role. This property has an important consequence. Consider a group of agents W ⊂ V and
an event determined by the collection of arrival times B =

{
(ty)y∈V ⊂ T

}
for some T ⊂ [0, 1]V .

Then actions (aw)w∈W are independent conditional on θ = θ0 and B provided that all the realized
subnetworks (G<w)w∈W are independent disjoint random graphs conditional on B.

With this observation, it is easy to check that actions (au)u∈F are conditionally independent given
θ = θ0, tv = t, F<v = F , and W<v. By the definition of W<v, the realized subnetwork of v is a tree and
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thus the subnetworks of his arrived friends (G<u)u∈F are disjoint. It remains to check independence
of (G<u)u∈F .

Since r-neighborhood of v is a tree, after eliminating agent v it splits into degv trees. Denote the
subtree containing u by Πu, and define its boundary and interior by ∂Πu = Πu ∩

(
Br(v) \ Br−1(v)

)
and Πint

u = Πu \ ∂Πu, respectively. The realized subnetwork of v belongs to (r − 1)-neighborhood
if and only if the realized subnetwork of each u ∈ F<v is in Πint

u . Therefore, the event W<v can be
represented as ∩u∈F<v{G<u ⊂ Πint

u }. Each event {G<u ⊂ Πint
u } is determined by arrival times tz of

agents z ∈ Πu∪{v}. Indeed, G<u belongs to Πint
u if and only if u arrives earlier than v and G<u has no

paths connecting the boundary of Πu and u, i.e., for any z0 ∈ ∂Πu and any path (z0, z1, z2, ..., zr−1 = u)
there is an index i such that tzi > tzi+1 . Consequently, we can rewrite the event {G<u ⊂ Πint

u } as
{(tz)z∈Πu ⊂ Tu(tv)}, where Tu(tv) is a certain subset of [0, 1]Πu depending on the arrival time of v.

Conditioning on F<v = F , tv = t, and W<v becomes equivalent to conditioning on the following
family of events determined by arrival times: {(tz)z∈Πu ⊂ Tu(t)} for each u ∈ F , tu > t for u outside
F , and tv = t. Arrival times (ty)y∈V are unconditionally independent, and the condition restricts the
values of disjoint subsets. Thus, conditionally on F<v = F , tv = t, and W<v, the families of random
variables (tz)z∈Πu are independent across u ∈ F . The realized subnetwork G<u of u is determined by
(tz)z∈Πu and, therefore, the graphs (G<u)u∈F are also conditionally independent, which implies the
desired conditional independence of actions (au)u∈F .

Proof of Lemma B.2. Consider an agent z such that the distance from v to z is equal to r, i.e., z
is on the boundary of the r-neighborhood of v. Since this neighborhood is a tree, there is only one
path (z = z0, z1, ...zr = v) connecting z and v. The chance that this path is presented in the realized
subnetwork of v is bounded by the probability that z0, z1, ..., zr−2 arrive exactly in this order (we
excluded agents zr = v and zr−1 since we are conditioning on their arrival times); this probability is
equal to 1

(r−1)! . The total number of agents z on the boundary of r-neighborhood is at most
(
D
)r

.
Therefore, by the union bound, no boundary agent belongs to the realized subnetwork of v with

probability at least 1−
(
D
)r

(r−1)! . Since no agent at the distance r is in G<v, the realized subnetwork is

contained in the (r− 1)-neighborhood. Using the inequality n! ≥
(
n
e

)n
, we can get rid of the factorial:(

D
)r

(r−1)! = r ·
(
D
)r
r! ≤ r ·

(
e·D
r

)r
.

Proof of Lemma B.3: The action of an agent u is determined by signals of agents from his realized
subnetwork G<u. In the proof of Lemma B.1 we saw that, conditional on F<v = F , tv = t, and
W<v, the realized subnetwork of u ∈ F is determined by arrival times (tz)z∈Πu , and the condition
is equivalent to {(tz)z∈Πu ⊂ Tu(t)} (we use the notation introduced in that proof). Therefore, the
distribution of G<u (and hence au) conditional on θ = θ0, F<v = F , tv = t, and W<v is the same no
matter what are other agents in F . This observation allows to simplify the condition:

P(au 6= θ | θ = θ0, tv = t, F<v = F, W<v) = P(au 6= θ | θ = θ0, tu < t, v /∈ F<u, W<v).

By the state-symmetry of equilibrium, the latter probability does not change if we eliminate condi-
tioning to θ = θ0. This probability can be bounded as follows

P(au 6= θ | tu < t, v /∈ F<u, W<v) ≤
P(au 6= θ | tu < t, v /∈ F<u)

1− ψ
, (B.6)

which follows from the formula of total probability and the lower bound P(W<v | tu, tv) ≥ 1− ψ.
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It remains to estimate the numerator. We use the following observation: for any event A that
belongs to the information partition of agent u, the conditional probability of a wrong action P(au 6=
θ | A) is at most ε. Otherwise, the agent can profitably deviate from his equilibrium strategy by
following his signal whenever A occurs.

The event A′ = {tu < t, v /∈ F<u} is not known to u since u does not observe his arrival time.

However, we can approximate the event A′ by the event A = {t̂u < t, v /∈ F<u}, where t̂u = |F<u|
degu−1

is a proxy for u’s arrival time (for large-degree agents t̂u ≈ tu by the law of large numbers). Agent u
knows when A occurs and, therefore, P(au 6= θ | A) ≤ ε. The conditional probability with respect to
A′ can be bounded as follows

P(au 6= θ | A′) ≤ P(au 6= θ, A) + P(A′ \A)

P(A′)
= P(au 6= θ | A)· P(A)

P(A′)
+
P(A′ \A)

P(A′)
≤ ε· P(A)

P(A′)
+
P(A′ \A)

P(A′)
.

Let’s estimate all the probabilities in this expression. For P(A′) we get

P(A′) = P(tu < t, tv > tu) =

∫ t

0
dtu

∫ 1

tu

dtv =

∫ t

0
(1− tu) dtu = t− t2

2
.

To compute P(A), we note that conditionally on tu and tv > tu, the number of friends observed by
u has binomial distribution with parameters degu−1 and tu (there are degu−1 friends and each of
them arrives before time tu independently with probability tu). By the Hoeffding inequality, we get

P
(
|F<u|

degu−1
≤ t | tu, v /∈ F<u

)
≤ exp

(
−2(tu − t)2(degu−1)

)
for t ≤ tu

P
(
|F<u|

degu−1
≥ t | tu, v /∈ F<u

)
≤ exp

(
−2(tu − t)2(degu−1)

)
for t ≥ tu.

Now we are ready to estimate P(A):

P(A) = P
(
|F<u|

degu−1
≤ t, tv > tu

)
=

∫ 1

0
dtv

∫ tv

0
P
(
|F<u|

degu−1
≤ t | tu, tv > tu

)
dtu ≤

≤
∫ t

0
dtv

∫ tv

0
1 dtu +

∫ 1

t
dtv

∫ t

0
1 dtu +

∫ 1

t
dtv

∫ tv

t
exp

(
−2(tu − t)2(degu−1)

)
dtu ≤

≤ t2

2
+ t(1− t) +

∫ 0

−∞
exp

(
−2s2(degu−1)

)
ds = t− t2

2
+

√
π

8(degu−1)
.

Similarly,

P(A′ \A) = P
(
tu < t, tv > tu,

|F<u|
degu−1

> t

)
=

∫ t

0
dtu

(∫ 1

tu

dtv

)
·P
(
|F<u|

degu−1
> t | tu, v /∈ F<u

)
≤

≤
∫ 0

−∞
exp

(
−2s2(degu−1)

)
ds =

√
π

8(degu−1)
.

Putting all the pieces together, we obtain

P(au 6= θ | A′) ≤ ε

(
1 +

1

t− t2

2

√
π

8(degu−1)

)
+

1

t− t2

2

√
π

8(degu−1)
≤ ε+

3

t ·
√

degu−1
.

In the last inequality we took into account that t− t2

2 ≥
t
2 , ε ≤ 1, and

√
2π ≤ 3.

Substituting this expression in (B.6) leads to the desired bound (B.1).
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C Missed proofs for Section 6

Proof of Proposition 6.1. Denote by deg′v the degree of an agent v ∈ V ′ in the sub-network GV
′

of
G with |V ′| =

⌊
α · |V |

⌋
. Fix positive γ ≤ α. Our goal is to bound the fraction of agents that have

deg′v < γ · D = γ · degv. Denote by V 1 the set of all such agents v ∈ V ′ and by V 2, the set of
eliminated agents V \ V ′. Apply inequality (6.2) (see Mixing Lemma A.1) to these V 1 and V 2. Since
E(V 1, V 2) > (1− γ)D · |V 1| and (1− α)|V | − 1 < |V 2| ≤ (1− α)|V |, we get

(1− γ)D · |V 1| − D

|V |
· |V 1| · (1− α)|V | ≤ |λ2|

√
|V 1| · (1− α)|V |.

Dividing both sides by
√
|V 1| and rearranging terms we get

(α− γ)D
√
|V1| ≤ |λ2|

√
(1− α)|V | =⇒ |V 1| ≤ (1− α)|λ2|2

(α− γ)2D2
|V | ≤ (1− α)|λ2|2

α(α− γ)2D2
|V ′|.

Thus at least
(

1− (1−α)|λ2|2
α(α−γ)2D2

)
fraction of agents v ∈ V ′ has degv ≥ γ ·D.

By Lemma C.1 contained below, at least
(

1− 2(1−α)|λ2|2
α(α−γ)2D2

)
|V ′| agents has at least γ

2 · D friends

with degree γ
2 ·D or higher.

Applying Proposition 5.1 to this set and estimating the chance of the correct action outside this
set by zero, we obtain the following bound on the learning quality for any state-symmetric equilibrium
σ′ in GV

′
:

Lσ′
(
GV

′
)
≥
(

1− 2(1− α)|λ2|2

α(α− γ)2D2

)(
1− δ

(
ε,
γ

2
·D, r, D

))
,

where r =
⌊
g
2 − 1

⌋
by Observation 5.1.

Taking into account that δ(ε,D, r,D) > 18√
D

, we see that the expression in the first parentheses is

greater than 1− (1−α)|λ2|2

9α(α−γ)2D
3
2
· δ(ε,D, r,D). It is easy to check that δ(ε, βD, r,D) ≤ 1√

β− 1
D

δ(ε,D, r,D)

and therefore the expression in the second parentheses is at least 1− 1√
γ
2
− 1
D

· δ(ε,D, r,D).

Opening the brackets and throwing away positive terms, we get

Lσ′
(
GV

′
)
≥ 1−

 (1− α)|λ2|2

9α(α− γ)2D
3
2

+
1√

γ
2 −

1
D

 · δ(ε,D, r,D).

Picking γ = 2α
3 and assuming that α

3 −
1
D ≥

α
4 we get the desired bound (6.1). In the complement

case of small α < 12
D the bound (6.1) since 2√

α
δ(ε,D, r,D) ≥

√
D√
3
· 18√

D
> 1.

Lemma C.1. If in a network G = (V,E) at least (1− β)|V | agents have degree D or higher, then at
least (1− 2β) |V | agents have at least D

2 friends with degree at least D
2 .

Proof. Denote by V<D the set of agents with less than D friends and by V<D
2
,≥D

2
the set of agents

that have less than D
2 friends with degree D

2 or higher. We know |V<D| < β|V | and want to prove
that

∣∣V<D
2
,≥D

2

∣∣ < 2β|V |. Assume towards a contradiction that
∣∣V<D

2
,≥D

2

∣∣ ≥ 2β|V |. Therefore V ′ =
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V<D
2
,≥D

2
∩ (V \ V<D) contains at least β|V | agents. Each v ∈ V ′ has at least D friends and at least

D− D
2 = D

2 of them have degree less than D
2 ; denote the set of such low-degree friends by Fv,<D

2
. The

set V<D contains the union of Fv,<D
2

over v ∈ V ′. We obtain

2

D

∑
v∈V ′
|Fv,<D

2
| ≤ |V<D|,

where the factor 2
D originates because no u ∈ Fv,<D is counted more than degu <

D
2 times. Using the

bounds on cardinalities of all the sets in this expression, we get

2

D
· β|V | · D

2
< β|V | ⇐⇒ 1 < 1.

This contradiction completes the proof.
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